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A phase-field model for modeling the diffusional processes in an elastically
anisotropic polycrystalline binary solid solution is described. The elastic
interactions due to coherency elastic strain are incorporated by solving the
mechanical equilibrium equation using an iterative-perturbation scheme
taking into account elastic modulus inhomogeneity stemming from
different grain orientations. We studied the precipitate interactions
among precipitates across a grain boundary and grain boundary segrega-
tion—precipitate interactions. It was shown that the local pressure field from
one coherent precipitate influences the shape of precipitates in other grains.
The local pressure distribution due to primary coherent precipitates near
the grain boundary leads to inhomogeneous solute distribution along the
grain boundary, resulting in non-uniform distribution of secondary nuclei
at the grain boundary.

Keywords: elasticity; polycrystalline; solid solutions; diffusion; phase-field
model

1. Introduction

Phase transformations of solid solutions involve a complicated coupling among a
number of different diffusional processes such as solute segregation/depletion,
precipitate nucleation, growth, and coarsening. The thermodynamics and kinetics of
these processes are often influenced by the elastic interactions in a microstructure [1].
Common internal defects such as dislocations, grain boundaries, and coherent
inclusions are sources of elastic stresses in the solid solutions. For example, for
systems with coherent precipitates, elastic stresses arise naturally due to the lattice
parameter mismatch between the precipitate and the matrix [2-5]. Since most
materials in engineering applications are polycrystalline solid solutions, computa-
tional approach for predicting phase transformations in polycrystals would be useful

*Corresponding author. Email: tuh134@psu.edu
+ Current address: Materials Modeling Division, GE India Technology Center, Bangalore
560066, India.

© 2013 Taylor & Francis



Downloaded by [Pennsylvania State University] at 12:08 19 July 2013

Philosophical Magazine 1469

for designing microstructures of engineering materials. However, computational
modeling of diffusional processes in a polycrystalline solid solution is more
challenging than those in a uniform single crystal. There are two main challenges.
First, the solute-grain boundary interactions should be considered. The presence of
grain boundaries leads to solute segregation or depletion due to chemical and/or
elastic interaction between solute atoms and defects. To describe the solute-grain
boundary interactions, several phase-field models have been proposed. Fan et al.
employed the phenomenological model to induce the grain boundary segregation [6].
Cha et al. described the grain boundary as a distinguishable phase and incorporated
the segregation potential within the grain boundary regime [7]. More recently, a
phase-field model was proposed by Gronhagen and Agren for modeling grain
boundary segregation as well as solute drag effects [8]. The model has been
successfully applied to propose the abnormal grain growth mechanism [9], simulate
the solute-moving grain boundary in the strongly segregating system [10], and model
the strain energy effects on grain boundary segregation and solute drag effects [11].
The second challenge is the elastic inhomogeneity of a polycrystalline solid solution.
A number of approaches have been proposed to model and compute the
inhomogeneous elasticity in polycrystals. Wang et al. developed a method based
on the calculation of equivalent eigenstrain [12]. Tonks et al. employed a phase-field
model to investigate the grain boundary motion taking into account the inhomo-
geneous elasticity in a bicrystal [13] where the elastic solution was computed by the
numerical technique in [12]. Kim et al. incorporated elastic inhomogeneity to a
phase-field grain growth model and studied grain growth behavior and texture
evolution under an external load [14,15]. We recently extended an iterative-
perturbation technique using the Fourier spectral method [16,17] to model the effects
of elastic inhomogeneity in polycrystals [18,19].

Phase transformations and microstructure evolution in polycrystals have
previously been modeled using the phase-field approach [20-25]. For example, Jin
et al. [26], Artemev et al. [27] and Wang et al. [28] investigated the formation and
switching of martensitic transformations in polycrystals. Choudhury et al. analyzed
the evolution of ferroelectric domains in polycrystalline oxides [29,30]. The existing
works mainly focused on the structural transformation and assumed the homoge-
neous isotropic elastic properties. However, the diffusional processes in elastically
anisotropic polycrystalline solid solutions have not been extensively studied
using phase-field simulations even though there have been many efforts in phase-
field modeling of precipitate reactions in single crystalline solid solutions, e.g. Ni
alloys [31-33], Al alloys [34-36], etc., and a few phase-field simulations of grain
boundary effects on spinodal decomposition without consideration of elastic
properties [37,38].

The main objective of the present work is to extend and generalize the phase-field
models in [11,39] for describing the diffusional processes in elastically inhomoge-
neous polycrystalline solid solutions. We integrate the elasticity model for an
elastically inhomogeneous polycrystalline system with phase-field equations describ-
ing diffusional processes. A binary solid solution is considered for simplicity. The
elastic interactions associated with segregation and precipitations near grain
boundaries are discussed.
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2. Phase-field model

Diffusional processes in a polycrystalline solid solution involve interactions between
inhomogeneous distribution of solute composition and grain structures. Thus, two
types of field variables are required to describe the thermodynamics and kinetic
processes of a polycrystalline binary solid solution. One is a conserved field variable
X(7) for the composition of solute, and the other is a non-conserved field variable
ne(F) for the crystallographic orientation of grains. In the diffuse-interface descrip-
tion [40], the total free energy F of an inhomogeneous system is described by a
volume integral as a functional of a set of continuous field variables. We adopted
and extended a phase-field model of Grénhagen and Agren [8] which is validated to
be quantitatively correct by Kim and Park [9] for describing the solute—grain
boundary interactions. We incorporated the elastic strain interactions of solute
atoms in the presence of grain boundaries in an anisotropic binary solid solution.
The functional form of the total free energy F of the solid solution is given by the
following volume integral [20]:

K. K
F:/ i.ﬁnc+wg(?71,nz,-~~,ng)+2(VX)2+2OZ(VTIg)2+€coh dr, (1
v 2

where f;,. is the incoherent local free energy density of a solid solution, g is a multi-
well free energy density function describing the grain structure, w is the potential
height of g, k. and «, are gradient energy coefficients of composition X(r) and grain
order parameters 1,(7), respectively, and econ is the local coherency elastic strain
energy density arising from a compositional inhomogeneity.

2.1. Thermodynamic energy model

The incoherent local free energy contains both the chemical and the elastic strain
energy of a homogeneous solid solution. In order to explore the origin of both
contributions and develop the incoherent free energy density in the presence of grain
boundaries, let us start with the Gibbs free energy of a solid solution. The free energy
density of the solid solution is represented by the linear combination of the chemical
potentials, i.e. the partial molar Gibbs free energy, of all the species. In the case of a
binary solid solution, the free energy density is given by

Sine = uX + pup(1 — X), (2

where u is the chemical potential of solutes and puy is the chemical potential of host
atoms in the solid solution. To explain the free energy density of the binary system, a
regular solution model is considered as the following function:

fine = [1°+ RTIn X + Q(1 — X)°]X + [u), + RTIn(1 — X) + QX*|(1 - X),  (3)

where ©° is the chemical potential of solute atoms at standard state, uj is the
chemical potential of host atoms at standard state, R is the gas constant, 7 is
the temperature, and € is the regular solution parameter for representing the
interactions among atoms. Following Cahn [41], the interaction potential E is
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additionally incorporated to represent pure chemical interaction between a grain
boundary and solute atoms, and Equation (3) becomes

fine = [1°+ RTIn X + Q(1 — X)* + E]JX + [ + RTIn(1 — X) + QX*|(1 — X). (4)

In the present model, we specify the pure chemical interaction potential E
between grain boundary and solutes as [—mwg(n1, 12, . . ., 1¢)] where m is a parameter
determining the interaction strength between solute atoms and a grain boundary.
Plugging the interaction potential in Equation (4) and rearranging the equation, we
have the incoherent free energy density in the presence of grain boundaries as the
following:

fine = 1O X+ (1 — X)+ RTIXIn X + (1 — X)In(1 — X)] — magX + QX(1 - X). (5

Generally, the regular solution parameter contains all the contributions
associated with the non-ideality of the solid solution. Ignoring all other contribu-
tions, let us focus on pure chemical and elastic interactions due to the atomic size
difference (or size mismatch) between solute atoms and host atoms. Hence, the
elastic strain contribution can be separated from the regular solution parameter
(2 = Qepem + QP°™). The elastic strain energy density (epom) of 2 homogeneous solid

elast
solution with composition X [2] is given by:

1 -
enom = 5 | Canaeefs = (LG | X1 = X), (©)

where Cjjy; is the elastic modulus, el is the misfit strain tensor, and (L(#)); is the
average of L(i) over all the directions of 7 with L(71) = o) oy, off = Cief,
ijcl = Cjyxniny, and n; is the unit wave vector in Fourier space. The details of
calculation of (L(n)); are shown in the Appendix. Therefore, the incoherent free
energy density is represented by the following expression as discussed in [11]:

Jine = uX + (1 = X) + RTX In X + (1 — X) In(l — X)] — mwgX

7
+ Qunen (1 = X) 3 [ Copaelfefs — (LGN | X1~ ), v
where Qchem 18 the regular solution parameter associated with the pure chemical
contribution, i.e. regular solution parameter of a hypothetical solid solution in which
all the atoms have the same size (This representation is similar to Cahn’s in [42]). The
incoherent free energy is expressed by the summation of purely chemical part and
elastic strain energy of a homogeneous solid solution itself:

ﬁnc = [fchem - ma)gX] + €homs> (8)

where  fehem = 1°X + pj(1 — X) + RTIXIn X + (1 = X) In(1 — X)] + Qehem X(1 — X).
Our total free energy without ey, and the excess energy term (QchemX(1 — X)) is
identical to the model of Gronhagen and Agren [8].

With regard to the misfit strain tensor &7 near a grain boundary, the elastic strain
is relaxed when a solute atom approaches to a grain boundary due to its relatively
disordered structure. Therefore, we model the strain relaxation by employing the

position (or grain structure)-dependent mismatch as the following:

£/ (7) = e (7). ©)
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where ¢(r) is an interpolation function which is 1 inside grains and 0 at the center of a
grain boundary and its explicit form is

0 =—(pr ) (ot ) 1o

where ¢ = Zg nz,, Pmax 18 the maximum value of ¢ which corresponds to the value
inside the bulk, and ¢y, is the minimum value of ¢ which corresponds to the value at
the center of a grain boundary. 8;7’[) is the misfit strain tensor inside the bulk. We
assume dilatational strain tensor &.8; for s,']'?’b where §; is the Kronecker-delta
function, ¢, is the composition expansion coefficient of lattice parameter defined as
010( ), and aq is the lattice parameter of the reference homogeneous solid solution of
overall composition Xy. The strain is assumed to be fully relaxed when the solute
atom comes to the center of the grain boundary. Taking into account the position-
dependent mismatch, we rewrite epon using Equation (9),

erom = 3 [Conlp i — (L) o7 X(1 X0, (i
where Lb(ﬁ)) is the average of L’(#) over all the directions of 7 with L’(#1) = n 02 b
Q kcrglbnl, 9 = C,]klsk, , Q7 k = Cjniny, and n; is the unit wave vector in Fourier
space. It should be noted that the prefactor 2[Cyklsf]" sz’lb (L"(i1));] in Equation (11)
includes the elastic properties of a grain interior only, and the interpolation function
¢() is responsible for the relatively disordered grain boundary structure resulting in
the misfit strain relaxation near a generic grain boundary in our model. The possible
variations of elastic modulus or crystallographic symmetry within the grain
boundary arising from the relatively disordered grain boundary structure were not
addressed in the model. One remarkable thing is that the prefactor is independent of
grain orientation even if each grain has anisotropic elastic modulus. Since s’”b is
a dilatational tensor, the first term C,Jkley bekl in the bracket is invariant w1th

L
.
NaD®

NaAao®

cemeenppEErEn
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Figure 1. (colour online) Profiles of L?(i1) of (a) a reference grain and (b) rotated grain with
respect to the reference grain in k,—k. planes.
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grain rotation. In addition, the second term (L’(#)); is a scalar quantity where all
directions are equally considered. Figure 1 shows an example of the L’(7i) profiles in
k-space for grains of different crystallographic orientations. If we average L’(i) over
all the directions, the values are the same since the profiles are just mutually rotated.
Therefore, all the grains have the same values of the prefactor for different grain
orientations, which means that the elastic modulus of a reference grain can be used
for the computations of prefactors of all other grains.

The term enon, is the elastic strain energy of a homogeneous solid solution.
However, compositional distribution in a solid solution is generally inhomogeneous.
The elastic strain energy stemming from the compositional inhomogeneity of the
solid solution is the coherency strain energy (econ),

1
€coh = E C[/’klgg'lglil[

1 (12)

= 5 Cifkl(gi/ + 884',' — 8?,‘)(51([ + Ser — 821),

where 85-1 is the elastic strain tensor which is equal to (&; +de; — 7). &; Is the
homogeneous strain tensor, d¢; is the heterogeneous strain tensor, and ¢ is the
eigenstrain tensor. For an elastically anisotropic and inhomogeneous polycrystal,
the position-dependent elastic modulus is modeled as the following [18,19,39]:

im~jn" ko™ Ip~"mnop>

CiitP) =Y maas, af,af af, Cret (13)
g

where 7, is the grain order parameter, ai are the components of an axis
transformation matrix representing the rotation from the coordinate system defined
on a given grain g to the global reference coordinate system, and C;ﬁ;op on the right-
hand side is the elastic modulus in the coordinate system defined on the given grain
and Cy,, of all the grains are same.

The eigenstrain due to the compositional inhomogeneity is defined by

e(r) = &} (X(F) — Xo), (14)

where 82’ is the misfit strain tensor, and X, is the overall composition of the
solid solution. To represent the structural inhomogeneity of a polycrystal, we also
employ the position (or grain structure)-dependent mismatch (sg’(?)) modeled in
Equation (9).

The homogeneous strain &; represents the macroscopic shape change of a system
and is defined such that

4

When a system is constrained under a constant applied strain (¢f), the homoge-
neous strain is simply equal to the applied strain, i.e. &; = &j. On the other hand,
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if the boundaries are allowed to relax, the homogeneous strain in an elastically
inhomogeneous polycrystal is computed by [18,19]

& = (St (o, + (o)) — (Sow1)), (16)

where (Sji) = (Cir) ™", (Ciirt) = =1/V) [, Cia(P)dV, of is an applied stress, (02> =
(I/V)fy l/kl(jgk[(_)dV dnd (SO‘,/ —(I/V)fy I/kl(_)agk](_)dV

The heterogeneous strain can be expressed by the elastic displacement u;(7)
following Khachaturyan [2]:

1 /0u; ou
Se(F) = P 17
eif) =5 <ar, + a;,) an

To compute the heterogeneous strain field, we solve the following mechanical
equilibrium equation since the mechanical equilibrium is established much faster
than the diffusional processes:

Vioy = V[ Cia(F)E + Sera(F) — €3(F)] = 0, (18)
where oy is the local elastic stress. In order to solve the mechanical equilibrium
equation with the spatially inhomogeneous elasticity in polycrystals, we employ the
Fourier-spectral iterative-perturbation scheme [16,17]. To apply the method, the
position-dependent elastic modulus (Equation (13)) is divided into a constant
homogeneous part CZ;(’;“ (or Cg"m) and a position-dependent inhomogeneous
perturbation part Cji*™(7) (or Cj"™ (7)), i.e.

Cina7) = i + (Z Tl 5, oy Cf;z;“) Chom 4 Citon (), (19)

mnop
procedure are discussed in [18,19]. For better efficiency, we additionally employed

the Voigt notation scheme to solve the mechanical equilibrium equation. The
procedure is as follows:

where Cpiom(r) is (3, néa‘fma;afoa,pcfef — Cio™). The details of the general

(1) Zeroth-order iteration: The elastic modulus is assumed to be homogeneous
and solve the mechanical equilibrium equation to obtain the zeroth-order
approximation of the elastic displacements. The equations in the Voigt
notation are

i) = —i[Q1(6Vky + 6ok, + 6%k.) + Q6(Goky + G5k, + Gak-)
+ Q5(6%k, + G5k, + G3k2)],
i) = —i[Q6(6Vky + Goky + 6%k.) + Qa(6oky + G5k, + Gak-)
+ Qu(6%, + 65k, + G3k2)],
iy = —i[Qs(6Vky + 6ok, + 6%k.) + Qu(Goky + G5k, + Gak-)
+ Q3(6%, + 65k, + 65k2)],
where of = Clome?, Q! = Clok;k; (Qu is reduced to ), i = v/— k= (e, Ky K2)
is the rec1procal lattlce vector, the tilde (~) represents the Fourier transform

(20)
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(2) Higher-order iteration: The (7 — 1)th-order elastic solution is used to obtain
the nth-order elastic displacements by solving
il = —i[Q (T ke 4+ Tp ey + T ) + Q(T 'k + T2 'k, 4+ T0 k)
+ Qs(T¢ ke + T4 ey + T4 k)]
iy = —Q(T} ke + T4 ey + T57'h) + (T ke + 157y + T4 'k2)
+ QT ke + Ty ey + T4 k)]
= —i[Qs(T1 ke + T2 'ky + T2 ) + QT ke + T3y + T3 k)
+ (T e + T 'y + T k),
Where 77! = Ci@l(e) — &7-1) — Cihomsel=!. The number of iterations is controlled
by the tolerance. In this work, the iterations were continuously performed until the
value of \/ LIt — ) 4+ @it — ) + @i — u)*)dV became  smaller than
1.0 x 1074

(e2y)

2.2. Strain energy contribution to thermodynamics of solid solutions

Elastic strain energy contributions in an isotropic solid solutions were discussed in
[11]. Let us consider the elastic strain energy of an elastically anisotropic solid
solution in a single crystal. Ignoring the macroscopic deformation of the entire
system (g;=0), the expression of coherency elastic strain energy Econ of the entire
system in Fourier space is given by [2]

1 [ &k

Eon==|——=

coh 2/(27[)3

where k is the wave vector in Fourier space 8)?(/3) is the Fourier transform of

8X(r) = X — Xo, and B(ii) = Cyuejjel) — nio; Q,/‘Uk,nl Ciiejely — L(11). The total
strain energy of the system is the sum of Ehom and E..p,,

(22)

niso
E?Otd] - Ehom + Ecoh

-1 / [Conelel — (LYIX(1 - X)dV

(23)
1 dz m.m - ~ =~ |2
o [ el — L(n)]](SX(k)( .
The second term in Equation (23) can be split into two parts:
d3k m_.m — ~ =2 1 d3k mom N
n)} [ oIy Skt L(n)]‘SX(k)’ 2 @[Céfklsifelcl_(L(n)>ﬁ:|
24
+ o —— [(Laiy; — L) -
Qny’

where the first term of the right-hand side is the orientation-independent part and the
second term of the right-hand side is the orientation-dependent part of the coherency
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strain energy. Applying the Parseval’s theorem to the orientation-independent part
and adding to epom, it produces the following:

l/ [C"lkzemem — (L(n)); ]X(l — X)dV+ &k [ emem — (L(fi))«]
2 14 e y ki (2 ) lf Ui ki n
1 m_ m e 1 m.m s 2
= 5/ I:Cl/klgl] €1 — L(n));,]X(l — X)dV—i—E/ [C,,klsu ey — L(n)),;](X— Xo)*dV
4 4

1 N
= 3 V] Conaelef = (L3 [ Xo(1 = Xo).

(25)

Thus, the total elastic strain energy of the elastically anisotropic system can be
written as

1 -
Bt = V[cz,kzsf;lsza (L3 ] Xo(1 = Xo)
Bk
+ (LG — LG ](sX(k)(
2y’
which is consistent with Khachaturyan’s expression of the elastic strain energy of a
solid solution [2]. For an elastically isotropic solution, the second term of Equation
(26) becomes zero since L(71) is equal to (L(#)); and the first term reduces to

(26)

1
21 R egXo(l — Xo) (in three dimensions)

or (1 £ )SzXO(I —Xy), (in two dimensions)
—v

where p is the shear modulus and v is the Poisson’s ratio. This means that the elastic
strain energy of elastically isotropic solid solution is not affected by the composi-
tional distribution (Crum theorem). Based on the above discussion, we could confirm
that both enom and eqon are essential components for the elastic strain energy of a
solid solution.

The elastic strain energy significantly contributes to the thermodynamics of
spinodal boundaries. As Khachaturyan discussed in [2], only the orientation-
dependent part of the coherency strain energy affects the coherent spinodal
boundaries with respect to the chemical spinodal boundaries since the homogenecous
part of free energy should include the orientation-independent part of coherency
strain energy. Our model correctly describes the spinodal boundary. The local free
energy density can be expressed as

1= (etem + enom + e ) + &5, (28)

indep

won ) 1s equal to zero, i.e.

The second derivative of (epom + €

* (1
axz(z [Coegey — LN X0 — 30+ 3 [ Coeefs — (LGN | Xo))

(29)
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Figure 2. (colour online) Schematic diagram of the spinodal regimes.

Therefore, the difference in spinodal regimes between chemical spinodal and
coherent spinodal is also determined by the only second derivative of (fehem + egsﬁ ,
while the incoherent spinodal regime is determined by the second derivative of
(fehem + €nom), Which is the incoherent free energy. In the case of an isotropic elastic
solid solution, the coherent spinodal boundaries are the same as chemical spinodal
since efsﬁ becomes zero, and the incoherent spinodal regime is wider than coherent or
chemical spinodal regimes. Moreover, the consolute temperature of the incoherent
spinodal decomposition is higher than that of chemical or coherent spinodal
decomposition by %(%)sf. A schematic illustration of the spinodal regime is shown
in Figure 2 Thus, we could conclude that the elastic strain energy terms defined in
our model correctly describe the diffusional processes.

2.3. Diffusion kinetics

The temporal evolution of the compositional fields X is governed by the Cahn-
Hilliard equation [43]:

X, 1) SF
T M“V(SX(F, t)>’ 30)

where M, is the interdiffusion mobility, and (%() is the variational derivative of the
free energy functional with respect to composition. Substituting the total free energy
F (Equation (1)) with the expressions in Equation (8) into Equation (30), we obtain
the following kinetic equations:

X aﬁ:hem 0ehom  0€con )
—=V-M\V — — k. V°X 1
o1 ¢ ( ox M8ty Ty TV ) GD
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The derivatives of epom and econ With respect to X in Equation (31) are derived
using Equations (11) and (12):

ae l m,p _m., =
o — [ Cuaelp el — (L) |71 = 23),

o i (2)
% = —Ciri(&j + 8ejj — 8; (al\k,l> = —Cz;kIS 8(51(/(/7(_)

We employed the variable interdiffusion mobility for M, in Equation (30) which
is given by

M, = M'X(1 - X), (33)

where M? is the prefactor which is equal to D/RT, D is the interdiffusion coefficient,
R is the gas constant, and 7T is the temperature. To solve the Cahn—Hilliard equation
with the composition-dependent diffusion mobility, the numerical technique for the
variable mobility in [44] is employed. The Cahn—Hilliard equation (Equation (30)) is
solved by the semi-implicit Fourier-spectral method [44,45].

3. Simulation results and discussions
3.1. Preparation of grain structures and numerical input parameters

Even though the model is applicable to simultaneous grain growth and composi-
tional evolutions, we will mainly discuss compositional evolution on a static grain
structure for simplicity. To generate grain structures described by multiple grain
order parameters, we employ the following local free energy density functional for
g(n1,m2,...,ng) in Equation (1) based on the model in [46] in the present model:

g1, M., ng) = 0. 25+Z (——ng+ ng> +y Y mn. (34)

g g>¢

where y is the phenomenological parameter for the interactions among grain order
parameters. A constant 0.25 in Equation (34) is employed to make the value of the
function g equal to 0 inside the bulk to describe zero interaction potential (—mwg in
Equation (7)) inside the grain for convenience, which does not affect the kinetics of
the grain structure evolution. The evolution of the non-conserved order parameters
1, is governed by the Allen—Cahn relaxation equation [47]:

onr.o) [ OF
T LQ%@0> 33)

where L is the kinetic coefficient related to grain boundary mobility, ¢ is time,
and (877) is the variation of the free energy function with respect to the grain
order parameter fields. The equations are solved by semi-implicit Fourier-spectral
method [45].

The kinetic equations in Equations (31) and (35) were solved in dimensionless
forms. The pdrdmeters were normalized by Ax* = & Ar* = LEAt, o* =%, n* =5,

==L G = ” K* = +p, and MO*—/LVI[g where E is the characteristic energy

E’
which was chosen to be 10°J/m? and / is the characteristic length which is taken
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Figure 3. Examples of phase-field simulations. (a) Two-dimesional (2D) grain structure,
(b) diffusional process in the 2D grain structure with diverse overall compositions, (c) three-
dimensional (3D) grain structure, (d) diffusional process in the 3D grain structure with diverse
overall compositions, and (e) the temporal evolution of a composition in the 3D grain
structure when X, =0.35.

to be 2 x 10~ m. For a reference grain, we used the elastic constants of y phase in
Ni—Al alloy system used in [31] which were estimated from [48,49]. The normalized
elastic constants in Voigt notation were C'¢" =195.8, C'$" = 144.0, and C'5 =89.6.
Each grain in a polycrystal is elastically anisotropic since the Zener anisotropy factor
Az (=2CE /(T — i) is equal to 3.46. The composition expansion coefficient
g 1s chosen to be 0.04. The dimensionless gradient energy coefficients «7 and «; are
set to be 0.25. The interaction parameter m was taken to be 0.5, and the normalized
height w* was chosen to be 1.14. The terms associated with the normalized chemical
free energy such as u°', 5, and Q... were set to be 1.0, 1.0, and 2.0, respectively.
The prefactor MY of interdiffusion mobility in dimensionless unit in Equation (33)
was chosen as 0.118. The dimensionless grid size Ax* was 0.5, and time step A¢* for
integration was 0.1. All the simulations were conducted with the periodic boundary
condition.

Examples of generated grain structures in two (2D) and three dimensions (3D)
are shown in Figure 3a and c. For these random grain structures, circular (2D) or
spherical (3D) grains were randomly distributed in the system at the initial stage and
the system was relaxed by solving Equation (35). Once the grain structure is
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Figure 4. (colour online) (a) Simulation setup in a bicrystal generated by a phase-field
simulation, and (b) profiles of elastic constants (C7,, C},, C,) with respect to (x—y) coordinate
system across a grain boundary when 6 =60°.

prepared, the local free energy density g in Equation (7) is computed and fixed for
the composition—grain structure interaction term (—mwgX). On the prepared static
grain structures, we perform the computer simulations of the diffusion processes
taking into account the chemical and elastic interactions between solute and grain
boundaries. Some examples of the simulations with different overall compositions
are shown in Figure 3b for 2D and Figure 3d for 3D. To nucleate the precipitates, the
Gaussian random fluctuations were incorporated to the compositional field at the
early stage. Figure 3e shows the temporal evolution of compositional field in a 3D
grain structure, and the solute—grain boundary interaction, i.e. grain boundary
segregation, is clearly shown at the early stage of the simulation.

3.2. Precipitate—precipitate interaction across a grain boundary

The elastic stress field generated by a coherent precipitate in one grain may influence
the precipitations in other grains since the elastic interactions are long-range.
To investigate the interactions between precipitates in different grains, we designed a
simple bicrystal as shown in Figure 4a. We labeled the left-hand side grain as Grain I
and the right-hand side grain as Grain II. We can vary the misorientation between
two adjoining grains as well as the locations of precipitates inside the grains. As an
example, the grain orientation of Grain I is fixed as 0°, while Grain II is oriented at
an angle of 60° with respect to Grain I. The distributions of the elastic constants
(Cyy, €7y, and C,) with respect to the global reference coordinate system (x-y frame)
are plotted across a grain boundary in Figure 4b.

The elastic stress field generated by a coherent precipitate in an elastically
anisotropic solid is strongly orientation-dependent. Figure 5a shows contour plots of
the computed spatial distributions of the elastic stress fields (o, oy, 0y,) generated
from a single coherent precipitate in a bicrystal. For comparison, the stress fields in a
single crystal are also plotted in Figure 5b. In both cases, the stress fields from the
precipitate propagate over a long range. However, as one can clearly see, the stress
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Figure 5. (colour online) Contour plots of elastic stress fields (oyy, 0y, 0,,) generated from a
single coherent precipitate (a) in a bicrystal (red dashed line represents a grain boundary) and
(b) a single crystal.

| Closer

Figure 6. (colour online) Morphology of precipitates in a bicrystal. A precipitate in Grain I is
located at a fixed position, while a precipitate in Grain II is placed at several different
distances to a grain boundary. A yellow dashed line represents the location of a grain
boundary.

fields, especially, oy, and o,,, abruptly change across the grain boundary. It means
that precipitates in Grain II might be affected by the distorted elastic stress fields,
and the effects would be more significant if the precipitates are located near the grain
boundary.

To observe the precipitation reaction under the stress fields near a grain
boundary, we initially introduced two circular precipitates of R =20Ax* and monitor
the temporal evolution of the precipitate morphology. One was embedded in Grain I
at a fixed location, while the other was embedded in Grain II at several different
distances to the grain boundary, as shown in Figure 6, to observe the influence of the
different levels of stress field on the precipitate. To reduce the overlap of the elastic
field due to the periodic boundary condition, we employ a relatively large system
(512Ax* x 512Ax* grids). The solute composition in the matrix was taken to be
0.046, which is close to one of the equilibrium compositions (Xm‘““x 0.037 and
X'prempllate 0 963)
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Figure 7. (colour online) Morphology of precipitates near a grain boundary for the cases in
Figure 6 (zoomed images of Figure 6). The yellow dashed line represents the location of a
grain boundary.

Figure 7 shows the zoomed images of Figure 6 in order to clearly capture the
morphology of precipitates near the grain boundary for several precipitate locations
in Grain II. First of all, the morphology of the precipitate is cubic with rounded
corners, as shown in Figure 7a. The precipitate embedded in Grain II is rotated by
60° with respect to the precipitate embedded in Grain I. The precipitates in the
configuration of Figure 7a do not seem to significantly affect each other. As the
precipitate in Grain II becomes closer to the grain boundary (see Figure 7b—e¢),
the interesting features are captured. The morphology of the precipitate in Grain II
deviates from the perfect cuboidal shape (see Figure 7e). This means that the
diffusion process associated with the precipitate in Grain II is interfered by a bias.

Diffusion kinetics is generally affected by the elastic stress field. The relationship
between the diffusion flux and the elastic stress field is given by [1]:

J = ¢cM(F — X;AQVP), (36)

where J is the flux, ¢ is the total concentration, M is the diffusion mobility, F is the
driving force for diffusion except the local pressure effect, X; is the mole fraction of
species i, AQ is the pure dilation during the atomic jump, and P is the local pressure
defined by [—(owy + 0),)/2] in two dimensions and [—(oy + o), + 02-)/3] in three
dimensions. For convenience, we use the negative local pressure (—P =
(0xx +0y,)/2). By the definition, the positive value of —P represents the tensile
local pressure and the negative value represents the compressive local pressure.
Consequently, the diffusion kinetics can be significantly affected by the local pressure
fields. Thus, we investigated the local pressure distribution near precipitates in order
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Figure 8. (colour online) (a) Contour plot of negative local pressure (—P) generated from a
single coherent precipitate in Grain I in a bicrystal, (b) magnified plot of —P with the
guidelines of the precipitates in Figure 7e, and (c) contour plot of —P generated from two
coherent precipitates in Grain I and II with the guidelines of the precipitates in Figure 7e.

to explore the origin of the deformed shape of the precipitate. Figure 8a shows
contour plot of —P (= (0 + 0),)/2) distribution which arises due to a single
coherent precipitate in Grain I. In the external area of the precipitate, the local
pressure along the diagonal direction of the precipitate is more compressive. On the
other hand, the local pressure along the normal direction to a flat interface of the
precipitate is more tensile. The local pressure field elongates to the grain boundary,
and it is refracted when it passes though the grain boundary in the same way as the
stress fields. As a result, the irregular tensile regime next to the grain boundary
is formed in Grain II. In Figure 8b, the guidelines of the coherent precipitates of
Figure 7e, where the precipitate in Grain II is closest to the grain boundary, are
shown in the enlarged contour plot in order to observe the effect of the local
pressure. Most deviation of the morphology (from the perfect cuboidal shape) occurs
near the tensile region, i.e. the left hand side corner of the precipitate in Grain 11
tends to be dragged toward the more tensile regime. Figure 8c shows the distribution
of —P when the other coherent precipitate is also placed at Grain II. Even though the
local pressure field displays the more distorted distribution due to the superposition
of local pressure fields from both coherent precipitates, it clearly shows the distortion
of the precipitate shape in Grain II toward the tensile regime. It should be mentioned
that the shape of the precipitate in Grain I is also distorted since the local pressure
distribution around the precipitate in Grain I is influenced by the stress field
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Figure 9. (colour online) Morphology of precipitates near a grain boundary for the cases of
different crystallographic orientations of Grain II. The yellow dashed line represents the
location of a grain boundary.

generated from the precipitate in Grain II, which results in strongly asymmetric local
pressure distribution near the precipitate in Grain I.

We also conducted simulations with different crystallographic orientations of
Grain II, and similar behavior is observed, as shown in Figure 9. Morphological
shapes of two precipitates are mutually influenced by each other. This can be one of
reasons for the irregular morphology of precipitates near or at grain boundaries
which have significantly important implications to the mechanical properties.

3.3. Precipitate—grain boundary segregation interaction

The effects of elastic strain energy on grain boundary segregation profiles have been
discussed in [11] for the case of isotropic elastic modulus. In this section, we discuss
the effects of elastic stress generated by the precipitates within grains on solute
segregation at grain boundaries in elastically anisotropic systems.

It is easily expected that the elastic stress field or local pressure profile along a
grain boundary stemming from the multiple coherent precipitates in adjacent grains
is strongly inhomogeneous. In addition, it would depend on the spatial configuration
of the precipitates. Figure 10b shows the negative local pressure (—P) profiles along
the grain boundary (shaded region in Figure 10a) in the cases of different grain
orientations of Grain II. Corresponding solute composition profiles along the grain
boundary are shown in Figure 10c. In all cases, the solute composition at the locally
maximum compressive region (shaded in red) is relatively low, while the composition
at the relatively tensile (locally minimum compressive) regions (shaded in blue) tends
to be at local maximum. The solute atoms do not prefer compressive stress regions
since the solute lattice parameter expansion coefficient is dilatational and positive.
As a result, the composition profile along the grain boundary is non-uniform
depending on the configurations of coherent precipitates inside grains. Similar
behaviors of solute segregation/depletion near a dislocation were discussed in [50].
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Figure 10. (colour online) (a) Scanned regime for the profiles of negative local pressure (—P)
and solute composition. (b) Negative local pressure (—P) profiles along the grain boundary in
the cases of different grain orientations of Grain II, and (c¢) corresponding solute composition
profiles along the grain boundary.

Finally, the non-uniform distribution of solute atoms at a grain boundary can
supply the inhomogeneous distribution of candidate sites for secondary (barrier-less)
nucleation at the grain boundary. We performed the simulations at higher matrix
composition (X, =0.12), i.e. a supersaturated system, in the presence of primary
coherent precipitates inside grains. We monitored the secondary nucleation process
at a grain boundary. Figure 11a shows the temporal evolution of the process. New
precipitates are nucleated along the grain boundary region within dashed line in the
figure. Depending on the spatial configuration of primary coherent precipitates, the
secondary nucleation events along the grain boundary occur at different locations, as
shown in Figure 11b. For better comparison, the composition profiles along the
grain boundary are plotted in Figure 11c. The figure clearly shows the non-uniform
distribution of the secondary nucleation. This phenomenon can happen in realistic
materials systems. For instance, upon the continuous cooling, the nucleation of the
secondary y’ precipitates occurs in the presence of the pre-existing primary coherent
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Figure 11. (colour online) (a) Snapshots of the secondary nucleation process of precipitates at
a grain boundary. (b) Secondary nucleation of precipitates at a grain boundary with different
grain orientations of Grain II, and (c) composition profiles along the grain boundary.

¥’ phase in Ni alloys, which results in the bimodal distribution of y’ precipitates [51].
Our simulation results indicate that the primary 3’ precipitates inside grains can
affect the spatial distribution of grain boundary nucleated secondary )’ precipitates.
In addition, the grain boundary precipitate distribution may affect mechanical
behavior, e.g. creep rate [52].

4. Summary

We have incorporated the elastic strain energy contribution in the phase-field model
of grain boundary segregation in an elastically anisotropic polycrystalline solid
solution. The elastic strain energy of a solid solution was obtained by solving the
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mechanical equilibrium equation using the iterative-perturbation Fourier spectral
method. We investigated the elastic interactions between precipitates in different
grains, and between precipitates and grain boundary segregation. The elastic stress
fields from a coherent precipitate inside grain propagate across a grain boundary
which may affect the shape of precipitates in other grains near the grain boundary.
Precipitates near a grain boundary generate non-uniform stress field or local pressure
along a grain boundary, leading to inhomogeneous grain boundary segregation
which in turn may induce non-uniform nucleation of secondary precipitates along a
grain boundary. We are currently applying this model to a number of polycrystalline
materials systems involving the diffusional processes, such as Ti alloys, Ni alloys, Zr
alloys, etc.
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Appendix. Calculation of (L(71));

By definition, (L(n7)); is the average of L(i1) over all the directions of 7 where
L(i) = niofQuogm, of = Ciueli, ' = Cjininy, and n; is the unit wave vector in Fourier
space. The mathematical expression of (L(n)); is given by [2]

- 1 o
(L@s = 5 L (A1)

4
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where d2 is the solid angle element. Since (471 5 Jo 4nk2dk =1, Equation (A1) becomes
3%
1 1
(L) = 7 / Ark*dk - — yg L()d<, (A2)
(3” ) Jo 4m

where ry is an arbitrary radius of a sphere in k-space. Applying the definition of the solid angle
(d2 = sin 6dAd¢), we obtain

(L(ﬁ)),;_ @ / : / / L(i)k? sin 0dkdodg = / / / L()d’k. (A3)

e
Therefore, (L(1)); becomes the spherical, average. In [2], the Debye cutoff radius (k)
defined by the relatlon 4”k3 (zl) where @ is the volume of the first Brillouin zone was
chosen for the radius of the sphere and L(I%))" was calculated by

(L@ &0 k3 / / / L&k = (2) / / / L(n)dk. (A4)

sphere sphere
r=ky r=kq
It should be noted that we can also take any r; within the first Brillouin zone. Thus, we can
take the integration over the sphere whose radius is equal to /Ax for the spherical average.
Hence, (L(7)); can be computed as

(L)) 4H(A\ f / / L)k = — / / / L(n)d’k. (A5)

sphere sphere
/—n/A\ r=m/Ax

in the numerical calculations where V. represents the volume of sphere whose radius is equal
to /Ax.





